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Nonuniform h-dichotomy with strong invariant projections for discrete
time systems in Banach spaces
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1. Introduction

Among the asymptotic behaviors of discrete linear systems an important role is played by the
dichotomy property and the notion of (uniform) exponential dichotomy is introduced by Perron for
differential equations and by Li for difference equations. In the theory of difference equations, subjects
with large applications, ( [1], |[12], [16], [20]). A discrete variant of Perron’s results was given by Ta
Li in [19]. Several results about exponential dichotomy were obtained by [10], [22], [18]. In some
situations, particularly in the nonautonomous settings, the concept of uniform exponential dichotomy
is too restrictive and it is important to consider more general behaviors. One of the main reasons for
weakening the assumption of uniform exponential dichotomy is that from the point of view of ergodic
theory almost all variational equations in a finite-dimensional space admit a nonuniform exponential
dichotomy. On the other hand it is important to treat the case of noninvertible systems because of their
interest in applications (e.g., random dynamical systems, generated by random parabolic equations, are
not invertible).

Characterizations of the nonuniform exponential dichotomy for discrete linear systems can be found
in the works [5], [26], [29], [28] [21], [23] and of uniform exponential dichotomy for discrete linear systems
can be found in the works [6], [27], [25], [24].

This paper presents two concepts of nonuniform h-dichotomy ( h-dichotomy, weak h-dichotomy)
with strong invariant projections for discrete-time systems in Banach spaces. In addition, in this paper
we obtain different characterizations of Datko-type for these concepts.

2. Preliminaries

Let X be a real or complex Banach space and B(X) the Banach algebra of all bounded operators
from X into itself. The norms of both these spaces will be denote by ||-||. Let N be the set of all positive
intergers and we deonte by A and T the follwing sets
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A={(mmn)eN2:m>n} T={(m,n,p) €N>:m>n>p}
In this paper we consider linear discrete-time systems of the form

(A)  xpy1 = Apxpn, neN

where (Ay,) is a sequence in B(X).
Then every solution z = (x,) of system (A) is given by

T = Al xp,  for all (m,n) € A,
where

n Am_lAm_Q...An, m>n
A =
I, m=n

and I is the identity operator on X.

Remark 2.1. We have the following properties:
(i) Ap | = Ay, for alln € N
(11) An AL = AP, for all (m,n,p) € T.

Definition 2.1. A nondecreasing sequence (hy) on [1,00) is called growth rate sequence if li_)m hy, = o0.
n oo

Definition 2.2. A sequence (P,) on B(X) is called projections sequence on X if
P2=P,, forallneN

Remark 2.2. If (P,) is projections sequence on X, then the sequence Q,, = I — P, is also a projections
sequence on X, which is called the complementary projections sequence of P, with KerQ,, = RangeP,,
and RangeQ,, = KerP,, and P;,Qn = QmPn =0 for every m € N.

Definition 2.3. The sequence (P,) is invariant for the linear system (A), if
AnPy, = Ppy1A,, forallneN
Remark 2.3. If (P,) is invariant for (A) then
An P = PpAp, ApQn = QumAy,
for all (m,n) € A.
Demonstratie. It is immediate. O

Remark 2.4. If the sequence of projections (P,) is invariant for the linear system (A), then we also
have that the complementary sequence of projections (Qy) is invariant for the linear system (A).

Definition 2.4. The sequence (P,) is strongly invariant for the linear system (A) if it is invariant for
(A) and the restriction of A}, is an isomorphism from Range Q, to Range Q.

Remark 2.5. If the sequence of projections (Py,) is a strongly invariant for the system (A), then there
exists B : A — R with B(m,n) = B}, : RangeQ,, — RangeQ,, isomorphism from Ker P, to Ker P,
with ATt B! Qm = Qm and Bt AT Q= Qn for all (m,n) € A.

Remark 2.6. If (P,) is a strongly invariant projections sequence for (A) then there exists (By), for all
(m,n) € A, is an isomorphism from Range Q., to Range Qy with the following properties:

1. AL B Qm = Qm

2. By AR Qn = Qn

4. Qm = Bme = QmBnn;Qm
for all (m,n), (n,p) € A.

Demonstratie. See [5]. O
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2.1. Nonuniform h-dichotomy with strongly invariant sequence of projections

Definition 2.5. Let (P,,) be a strong invariant sequence projections for the linear system (A). The pair
(A, P) is nonuniformly h-dichotomic with respect to the sequence projections P if and only if there are
N >1, v>0, € >0 such that the following conditions hold:

(nhdy) || Az, Poz|| < Nhyhe || Po||

(nhd3) hy|| By Qmz|| < Nhyhi,||Qmz]|
for all (m,n,z) € A x X.

Remark 2.7. Let (P,) be a strong invariant sequence projections for the linear system (A). The pair
(A, P) is nonuniformly h- dichotomic with respect to the sequence projections P if and only if there are
N >1, v >0, € >0 such that the following conditions hold:

(nhd) b || Ab Pyal| < NhhS || A% Py

(nhds ) by || Bh.Qme|| < Nhiyhe, || By Qma||
for all (m,n,p,z) € T x X.

Demonstratie. Necessity. If the pair (A, P) is n.h.d. with the respect to the sequence of projections P
then
hin || AL Bp|| = hop || Ay, P AT Po|| < Nho e[| AT Pyl

and
hol|BE, Qmzl|| = || Bh By, Qma|| =

= [1BRQn B, Q|| < Nhyhi,[|Qn B, Q|| =
= Nhyhp, || By Q||

for all (m,n,p,x) € T x X.
Sufficiency. Tmmediatly, for p = n in (nhd$) and p = n in (nhdj).
O

Remark 2.8. 1. Talking e = 0, in Definition 2.5, it results the uniform h- dichotomy property, denote
by (u.h.d.).

2. Talking hy, = €™, for all m € N in Definition 2.5, it results the nonuniform exponential dichotomy
property, denote by (n.e.d.)®.

3. Talking hyy, = m + 1, for all m € N in Definition 2.5, it results the nonuniform polynomial
dichotomy property, denote by (n.p.d.)*.

Definition 2.6. Let (P,,) be a sequence of projections wich is strongly invariant for the (A). If the pair
(A, P) is weakly nonuniformly h-dichotomic, then there are N > 1, v >0, € > 0 such that:

(wnhd5) B || APyl < NASRS |y

(wnhd3) B | B Q| < NAHE Q)
for all (m,n) € A.

Remark 2.9. Let (P,) be a sequence of projections wich is strongly invariant for the (A). The pair
(A, P) is weakly nonuniformly h-dichotomic if and only if there are N > 1, v > 0,€ > 0 such that:
(wnhds) bt || 4B, Byl < NRZRS| [ AL P
(wnhdg) 12| B Q| < NAZRE || B Q|
for all (m,n,p) € T.

Demonstratie. Necessity. If the pair (A, P) is w.n.h.d. with the respect to the sequence of projections
P then

n

hin|[ AL Pl = by | AL Pr AL P[] < Nhyhy || AL By |

and
hol|BE,Qml| = || Bh By, Qml| =

= [|BRQn B, Qml| < Nhyh;,||Qn B, Qml| =

3
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= Nhyhi||B,Qml|

m

for all (m,n,p) € T x X.
Sufficiency. Immediatly, for p = n in (wnhdj) and p = n in (wnhdy). O

Remark 2.10. 1. Talking € = 0, in Definition 2.6, it results the weaak uniform h- dichotomy property,
denote by (w.u.h.d.).

2. Talking hy, = €™, for all m € N in Definition 2.6, it results the weak nonuniform erponential
dichotomy property, denote by (w.n.e.d.)®.

3. Talking hy, = m+ 1, for all m € N in Definition 2.6, it results the weak nonuniform polynomial
dichotomy property, denote by (w.n.p.d.)*.

Remark 2.11. If the pair (A) is n.h.d. then it is also w.n.h.d. Indeed, it is sufficient to observe that
from supremum for ||x|| < 1 in (nhdy), respectively in (nhds), one obtains (wnhdy) and (wnhds).

2.2. Nonuniform h-growth with strongly invariant sequence of projections

Definition 2.7. If the pair (A, P) has nouniform h-growth (n.h.g), then there are M > 1,w > 0 and
6 > 0 such that:

(nhgy) H||AB Pyl < Mb, 1] 45 Pyal

(nhga) W21 [ BEuQ| < MAA,| BQma|
for all (m,n,p,z) € T x X.

Remark 2.12. The pair (A, P) has nonuniform h-growth if and only if there are M > 1, w > 0 and
0 > 0 such that:

(nhg)) he|| A% Pz < MBS 15| Poc|

(nhgy) || BiQumal| < Mbg,hS,[|Qmal|
for all (m,n,z) € A x X.

Demonstratie. Necessity: 1t is obvious for p = n in (nhg;) and p =n, n=m in (nhgs).
Sufficiency: For (nhg}) = (nhg1) we have

hi || AL By || = hiyl| A, AT Bpz|| <

< Mhi,hy || A% Pyc||

and for (nhg)) = (nhg2) we have for n = p in (nhgh).
O

Remark 2.13. The particular cases for the concept of nonuniform h-growth are: 1. If 6 =0, we have
nonuniform h-dichotomy.

2. If hy, = €™, we have nonuniform exponential growth.

3. If hyy, = m + 1, we have nonuniform polynomial growth.

Definition 2.8. If the pair (A, P) has weak nonuniform h-growth (w.n.h.g), then there are M > 1,w > 0
and 0 > 0 such that:

(wnhgi) hy|| AR Ppl| < Mg,y || AL By||

(wnhgz) hy|| BiaQuml| < Mhi,ho, || By Q||
for all (m,n,p) € T.

Remark 2.14. The pair (A, P) has weak nonuniform h-growth if and only if there are M > 1, w > 0
and 6 > 0 such that:

(wnhgy) he|| A% P, || < Mh%,hs||P||

(wnhgy) h%|| B Quml| < MRS, || Q||
for all (m,n) € A.
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Demonstratie. Necessity: 1t is obvious for p = n in (wnhg;) and (wnhgs).
Sufficiency: For (wnhgy) = (wnhgy) we have

W[ AL || = || AT, AL Pl <

< Mhiy,ho || AL By |

and for (wnhgh) = (wnhgs) we have for n = p in (wnhg).
O

Remark 2.15. The particular cases for the concept of weak nonuniform h-growth are: 1. If 6 =0, we
have weak nonuniform h-dichotomy.

2. If hp, = €™, we have weak nonuniform exponential growth.

3. If hyy, = m+ 1, we have weak nonuniform polynomial growth.

3. The main results

In this paper, we will consider H the set of growth rates (h,) that satisfy the following properties:
(1) 3H>1:hyy1 <Hhp,VneN
[e.o]

(2) Va € (=1,0), 3 Hy > 1: Y by < Hihg, Vm €N
k=m
(3) Va € (0,1), 3 Hy > 1: ) hY < Hyhf,, Ym € N.
§=0
We consider (P,,) a sequence of projections strongly invariant for (A) and (Q),) the complementary
projections sequence of (P,).

Theorem 3.1. If (A, P) has nonuniform h-growth and h € 3, the pair (A, P) is nonuniformly h-
dichotomic if and only if exists D > 1, d > 0 with

(nhD?) Z h|| AP Pya|| < DheTe|| AR Pyx|
for all (m, np, x)eT x X.
s hd Dhahe
(nhD3) < P
Z < || BRQmal| ~ [|BnQuma|l
for all BQOx # 0 and (m,n,p,x) € T x X.

Demonstratie. Necessity Let be d € (0,v)
(nhDY)

Zh 142l < Zhdhe (1) "agpe <

< Nhy || A} Bpx|| Z hi~ ¢ < NH b || AL Pya| =
k=n

= Dhiy*|| AL By|
where D = NH; > 1 and (n,p,z) € A x X.

(nhD3)
thh€< )V 1
Z IIB’“ Qmwll Z R ||BE.Qmz]| Qm-’rH

v d+ d
_ Nmy ih grev o NHBET Dii,
~ 1BnQme|| &= g |BR@mzl| ~ || Bn@mzll
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where D = NH; > 1 for all B)Qnx # 0 and (m,n,p,z) € T x X.
For the sufficiency, if we consider kK = m in (nhDy), respectively k = n in (nhD3), we obtain (nhd;)
and (nhds).
O

Theorem 3.2. If (A, P) has nonuniform h-growth, h € 3, then the pair (A, P) is nonuniformly h-
dichotomic if and only if exists D > 1, d > 0 with:
m h._d Dh-dte
(nh.D3') — < s
#) 2 Pl < Ty Pl
for all (m,n,z) € A x X and A}, Pyx # 0.
sy N~ |[BR@mz|| _ DI|Qmel|
(nhDy?) Z hd < pdte 7
j=n J m

for all (m,n,p,z) € T x X.

Demonstratie. Necessity. Let be d € (0,v).

(nhD3)
m h»_d m B\ 1

— I <N NR7L (L) R — <

2 TP = 2 (i) 1 T =

Nh;Y i podve o NHahy
J

<_—m . < el
Az Pl & 145, Pynal]

Dhgd"_s
- [[An Pax|
where D = NHy > 1 and A} P,z # 0 for all (m,n,p,z) € T x X.

ﬁéHB%Qmﬂ\<
he -
j=n J

i h\ 77 , .
< w5 ) AR Q B Q<
j=p J

< Nh4|Quar| Y 0y~ < Dhy™(|Qua|
j=n
where D = NHy > 1.
Sufficiency. For j = n in (nhDj') and (nhD3?*) we obtain (nhd§) and (nhd3).
[

Theorem 3.3. If (A, P) has h € H, the pair (A, P) is weakly nonuniformly h-dichotomic if and only if
exists D > 1, d > 0 with

(wnhD3) Y hil|AYPy|| < Dhyt<|| AL P
k=n
for all (m,n,p) € T.
N Dhehe,
(wnhD3) k< pm_
’ Z;HBngH 1B Qul

for all BL,Qumz # 0 and (m,n,p) € T.
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Demonstratie. Necessity
Let be d € (0,v)
(wnhDy)

hi\ "
Zh|\ApPpr|<Zhd () ann <

< Nhy||AL B Z WV te < NH{hE|| AR P, || =
k=n

= Dhyy"[| AL B
where D = NH; > 1 and (n,p) € A.

(wnhD3)
= nd > (h v 1
— k<N Nhéh p) <
kZpHBmmn kzp Wi\ ) TTBRQT =

v 00 d+e dpe
NR th , _ NHg - Dhih,
- HB lel - HB Qmll ~ ||Bm lel

where D = NHy > 1 for all BL,Q,, # 0 and (m,n,p) € T.
For the sufficiency, if we consider £k = m in (wnhDj) and k = n in (wnhD35), we obtain (wnhdy)
and (wnhdj).

O

Theorem 3.4. If (A, P) has h € H, then the pair (A, P) is weakly nonuniformly h-dichotomic if and
only if exists D > 1, d > 0 with:

fd
Dh-d+e
(wnhD3t) = < .
Z « || 4] P I AR Pall
for all (m,n) € A and A}, P, # 0.
2y N~ 1Bn@mll _ Dl[Qnm
D) 32 1Bnll _ DlGal

hd — hg;re ’

Jj=n

for all (m,n,p) € T.

Demonstratie. Necessity. Let be d € (0,v).
(wnhD3")

m h-ﬁd m h v 1
I «NONpTd [ 2L} e <
jZMA?PnH‘ZI ! <hm> APl

Nh,V f: Nth;d“

= A pl — APl

=p

B Dh;d+6
1A%, Pl
where D = NHy > 1 and A}, P,, # 0 for all (m,n,p) € T.

|| BhQuml| lel

j=n J

m A h\ Y . ) )
<S5 ) HIALQ B <

, h;
j=p J
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< Nhp[|Qull Y- ™ < Dhy ™| Q|

j=n

where D = NHy > 1.

Sufficiency. For j = n in (wnhD7') and (wnhD5?) we obtain (wnhd}) and (wnhd3).

O
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